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0. INTRODUCTION

It is well-known (cf. VILENKIN [11, Ch. 3]) that the matrix elements
of the irreducible representations (irr. reps) of SU(2) in S(U(1)xU(1))-
basis can be expressed in terms of Jacobi polynomials, such that the
orthogonality relations for these polynomials are equivalent to Schur's
orthogonality relations for the matrix elements. More generally, let G
be a compact Lie group with closed subgroup K such that each irr. rep. of
G, restricted to K, is multiplicity free. Consider the matrix elements of
the irr. reps of G in a K-basis. Is it possible to express them in terms
of some kind of orthogonal polynomials? For the case G = SU(2) x SU(2),

K = diagonal in G, this paper will give a positive answer. (Note that this
case is a covering of the pair (G,K) = (§0(4),SO(3)). The resulting
polynomials are vector-valued and orthogonal on [-1,1] with respect to a
positive definite matrix-valued weight function. It would be of interest
to generalize these results to the cases (G,K) = (S0(n),SO(n-1)) or (U(n),
U(n-1)).

The topic of this paper originated from work on the global approach
to the representation theory of a noncompact semisimple Lie group G
(cf. [7] for SL(2,R), KOSTERS [8] for SL(2,C)). In this approach one needs
some knowledge of the matrix elements of the principal series reps of G in
a K-basis (K maximal compact subgroup of G). These matrix elements have
integral representations in terms of the matrix elements of irr. reps of K
(cf. (4.1) in the case G=SL(2,C)). Manipulation of these integral represen-
tations will be simplified if one can express the matrix elements for K
in terms of orthogonal polynomials. Thus the results of the present paper
will be useful for the analysis on 500(4,1).

It is the author's feeling that the highly nontrivial example of
vector-valued orthogonal polynomials presented here is interesting for its
own sake. Hopefully this paper will also be useful for phycisists, who

have already studied the matrix elements for S0(4) for a long time (cf. for

instance FREEDMAN & WANG [ 3], SMORODINSKIY & SHEPELEV [10], BASU & SRINVASAN [17).
Many authors start with the matrix elements of the principal series reps
of 800(3,1) (cf. [11,010]) and then obtain the matrix elements for the

compact case by analytic continuation. In the present paper, with its




;is on orthogonal polynomials, it seemed more natural to start with
ympact case, but in the final section 4 the noncompact analogue is

.y discussed.

‘he other sections have the following contents. In section 1 matrix
its for SU(2) are reviewed, both as a tool needed later and as a

iting example. In section 2 Schur's orthogonality relations for matrix
its for SU(2) x SU(2) are expressed as an orthogonality for vector-

| functions on [0,m] and good candidates are selected for the expected
'=valued orthogonal polynomials. In section 3 these polynomials are
 obtained together with an integral representation and a power series
iion. There are two further matters of particular interest in section
'st, a trick to deform the integral of an analytic function over

into the complexification SL(2,C) by multiplication on the right of
itegration variable with a particular element of SL(2,8) (cf. the
tion (3.3)>(3.6)) and, second, an unexpected symmetry (3.11) for the

'—valued polynomials.
» MATRIX ELEMENTS FOR SU(2)

et £ e |} Z, := {0,4,1,4,...}. Let HK be the space of homogeneaus
mials of degree 2£ in two complex variables, made into a Hilbert

by the choice of orthonormal basis {Wﬁ | n=-2, -£+1, ... , £}:

X

£ 1 -
wﬁ(x’y) s= (Z@)z 'K n yﬂ+n-

L-n

} a rep T£ of GL(2,C) on HZ by

L
(TG DD () o= £laxtyy,Bxedy) .
" 's form a complete system of representatives for (SU(2)) " (cf.VILENKIN
‘h. 31).
Irite Tﬂ(g)(gsGL(Z,m)) as a matrix (tﬁn(g)) with respect to the basis

.ons H
wn




L
1.3) T?'(g)lbfl = Zztﬁn(g)wﬁ, g € GL(2,0).
m=-.

f g is a diagonal matrix then so is (tﬁn(g)). It follc
1.3) that

( 22\} £-n £4n _ £ aB
o (B et § Lt

xpansion of the left hand side of (1.4) yields

£ @By o ((0mm) ! (fm) ! (mn) ! (L+m) 1) R

1.5) mn 'y §

(2-n) A (£-m) 0Li’_gl’,-m--r K—n-'-r smEntr

r=o¥(-n-m) r.(£-m-r)!(L-n-r)! (m+n+r)!

his implies the symmetries

mnf 0B, _ .oml LoB
1.6) By t mn(Ys) =Byt nm(Ya),
£ 0B, _ L oy
1.7) tany &) = tmg s

rom (1.4) and (1.7) we obtain the integral representat

¢ (em i)
1.8) tn(y ) = \(z-m):(zm)!) '

T VIR 2 ST JE
o J (ce*®+ge l(b) (Ye1¢+6e ¢) e 1n¢d¢.
0

ne following symmetry is apparent from (1.8):

Z(as)_ti, (dy

1.9) tmn yé8 = “-m,-n Ba)'

Now specialize to SU(2). We will use the notation




(1.10) k(a,B) := (_‘%5-), wher
(1.11) be := k(cosi0,sinin),
(1.12) m, i= (et 0y,

Note that

(1.13) tﬁn(m¢) = s

By the Cartan decomposition each ele

and the corresponding integration fo

T 4T 47
(1.14) J f(g)dg = J J J
SU(2) 0 0

By Schur's orthogonality relations,

tﬁ (b )t (b )sin 6 d¢

O =

Suppose that m + n 2 0, m - n > 0. T
£
onal system {tmn | £=m, m+1, ...}

m

(1.15) tt (b)) = (-DH™ 2“‘)%

mn  © m—-n (
dence, if £ # £':
T £ A
J tmn(be) tmn(be) (sin}
m m .
0 tmn(be) tmn(be)

+ |8]

f Su(2

reads

)emw) s

and (

L+
e "low
. From

m-n
(co

n+1(co

be written a

we obtain

lement of th

we obtain:

6]

2)).

og=




by (1.5) t (b )/t (be) is a polynomial in cos 6 of degree < £ - m. It
‘ollows that

(m-n,m+n)

£ m _
tmn(be)/tmn(be) = const. P£~m (cos®),
there the Jacobi polynomial PET;n,m+n) is an orthogonal polynomial of degree

) . . . m—-n + .
- — m with respect to the weight function (1-x) (l+x)m ™ on the interval

—1,1). Of course, this result has been derived in many other ways (cf.
MLENKIN [11, Ch. 31).

!. THE MATRIX ELEMENTS FOR SU(2) x SU(2)

Let K := SU(2), G := K x K, K* : dlag(KXK), i= {ag = (mgm_)}

:me is defined by (1.12)). Then G = K*AK” is a Cartan decomposition. The

.orresponding integral formula is

1

2.1) J f(g)dg = 5 J I f(k1 5 2)51n 6ds dk dk2, f e C(G),
G *

K* K

O t-——3

hich is a special case of HELGASON [5, Prop. X.1.19].

) A complete system of representatives for G is given by the reps

@ ez

2,4, L £

: 1 2
2.2) T (kl’k2) =T (k1)®T (k2)’ kl’ k2 € K

L. ,L

'he representation space HK ® sz of T ! can be identified with the
pace of polynomials in four complex variables x, y, u, v, homogeneous of
egree 221 in x, y and homogeneous of degree 2£2 in u, v. An orthonormal
asis of HKl ® sz is given by the polynomials
Kl £2
(x,y,u,v) = wj (x,y)wj (u,v).

Z 2
ROPOSITION 2.1. (cf. [6, Theorems 3.1, 3.2]). The functions <1>Z (Ilil +

L, |<e<t #5513 1st) defined by




' K Zz £1+£2-£ (2£+l)(2£1)!(2€2)! ]
2-3) bg; YY) = (D) <<zl+zz—z):<z]+z2+z“):)
L +2 -2
_ 172 K Xy
(xv-yu) Z «E] ,J(LIV)

‘orm an orthonormal basis of Hﬂl ® sz such that

2,2 L. .2 £ K A
. , 1°72 1°72 Z 2
2.4) L N T _Z_K € W0y % kek
i=
£ ,2 .
Eefine the matrix elements of T with respect to this K -basis
¢£1’ 2} by
£,L, 2 ,112 ’51’2“"2 Lo 2,0,
2.5) T ( b,y 3 = ! ' ,( Yo » g e€G,
K Z—]K —ﬂ | 5=t K,J,K £,]3

. . . * .
ince the elements of A commute with the elements (me,me) in K and since

VAN £ ,L K K
1°72 1’ 2 _

7w (2.4) and (1.12), we conclude that

K K
e . .
2.6) tz,J,K',J'(a ) = if j#3'.
ﬂ ﬂ
y (2.4), (2.6) and the decomposition G = K AK the matrix elements t£ £
£1,29 SHANE

11l be known if we know the functions t v s
'e’ "e ’J

ROPOSITION 2.2. There are the orthogonality relations

m /el "62'
2-7) 2 J-—(KAm) J t ’J’m’J e)tK,J, m, j (d )Sln 0de =
0
QAN (L) 4,880,

ROOF. It follows from Schur's orthogonality relations, (2.1), (2.4) and
2.6) that




(k.a k.)sin’0dedk,dk

£,psm,p 1762 19%2

8 ' “ ] ]
_f_z_";z__LJ [ bty 0L
D (2L+1) ~ 2r

22 0K

LAm £Am | m 2 L]’KZ o
B 5 L (k).
J--(ZKAm) j -—%b\m) 2m i IJ; 1[ tP,J(k )tE,J, ,J(ae)thP( ?)

T4

) . 2 _
p’j.(kl)t 2,5 ’m,J,(a )t ' (kz)s1n 6dedk, dk, =
LAm oAt 2.',8,"
- ! ) LJ 2 (ag)t, .. 2.(a,)sin’6do.
(2£+1) (2m+1) j=— (LAm) 2 £,35m,] £,jsm,j°0
0
et |
ows from (2.5) and (2.3) that t£ . (a ) is real. [J
3 ’m’J
‘'om now on flf £ and m (K,meéz £-meZ) such that £ < m. (Because
ariness of T 1 this last on ition is not an essential restric-
Then the indices Z K in t£ j 2 J(a ) can assume all values in %Z
H ’ b
at
Kl + 22 > m, IKI-KZI < £, Kl + 22 -LeZ
gure 1)

Figure 1.




ind j ¢ {-€, -£+1, ..., £}. Thus, (2.7) can be viewed as the orthogonality

relations for the vector-valued functions

2,2, Ll,ﬂz £1,£

2.9) o~ (tz ~L3m, - z(a ) t,@ —2+1;m,-£+1 (a ). --stt z z(a )),

there (21,22) run through all values satisfying (2.8). Like at the end of °
section 1 we pick the "lowest" elements of this orthogonal family. Candi-
lates for these elements are all functions of the form (2.9) with Kl + £2=In.

sjuppose that we can prove that for all 6 in (O,m) the matrix

'2.10 ti(m"'P),z(m P) a
) ( 'K’J’m’J ( ))J9P '6, -2+1, ..., £
.s nonsingular. Then, for n = 0, 1, 2, .o. and k = -£, -£+1, ..., £ we can

lefine the real vector-valued functions

. £,m _ . Lm £sm £,m
2.11) X = Pn,k(x) = (Pn,k,—ﬂ(x)’ P n,k, £+1(x), cees Pn,k,ﬂ(x))
m (-1,1) by
L. L £
, 1772 _ 3 (m+p) , § (m—p)
(2.12) tL’J’m’j(ae) = p}_z E’J’m’Jz (a )pz +0,-m 2_ﬂl’p(cose).

\1so define

£
' o . o3 (@+p) , } (m-p) 2 (m+q) , } (m-q)
(2.13) Wﬁ’q(cose) := sind 32;2 2,im, (a )tE,J,m,J (ay) .
fhen
r s =
(2.14) W™ (cos) := (W/C (6059))p,q— L, ..., L

ls a positive definite real symmetric matrix for all 6 in (0,m) and it

‘ollows from (2.7), (2.12), (2.13) that the vector-valued functions Pﬁ’t
H)

satisfy the orthogonality relations




1

2
1 m
2.15) — ) J ( )p Lk (X)WK’ (x)dx =
27 p,q=-1’- 2 n: k Psq

_ (2£+1) (2m+1) s

1 e
(n+m+1)2 k2 n,n' k,k

In this paper we will show that the matrix (2.10) is indeed nonsingular

. £,m
or 6 in (0,7) and that P °
( 9 ) n,k,p

he orthogonality relations (2.15) will characterize the vector-valued

is a polynomial of degree n - |p+k|. Hence

. £ ,m
unctions Pnfk up to constant factors.
H

. THE VECTOR-VALUED ORTHOGONAL POLYNOMIALS

!

First we derive an integral representation for the canonical matrix
lements. Consider (2.5) with g = ag and evaluate both sides for
X,y,u,v) = (a,B,-B,a), where Ialz + lBlz = 1., In view of (2.3) and (2.6)

e obtain

Zﬂ{[m( (2m+1) (2£)) 1 (2L,) ! )g

=1 €+, m) T L mH D) |
jie  -iie
tm (ez a e ? S)( iel |2 _1e|8|2£ !,—m~
KZ—KI ,j _‘e-%ie-é' e%iea- € o -
I_ %-1,2 £1+£2"/@( (2£+1)(Z€1)!(262)! )Ji
R T, D T+, T
K £2

tK,J,m,J(a )t£ K (k(a B)).

ence, by Schur's orthogonality relations:

3.1)

1',1 ,1’,2 ( 1)i,’_m((zl’,ﬂ) (2m+1)(£1+£2—£)!(£1+£2+£+1) !\£

2,35m,3 %) = T, T+ LTy )




. . £ +L -m e o e By
HOalZee™ g5 T 2 .<_ ~Hoy ie—-).

.tl’j(k(a;g))dk(uzs)-

: manipulations we will modify this integral representation

is more suitable for our purpose. Substitution of (1.7)

2m L +2 ;
. (a ) = czl ’['2 _l__ r [ (eie[(xlz+e_ie|8|2) 1 n
Li%) T %,ism,i 2m |
K O

m-£, +£
", ] 1 2
@) g~ 0™ i (m1) 2 1 (-ere),

ti'z'zl i (k(a,B))dk(a,B)dd,
] (_l)ﬂ_m{(z,e+])(2m+l)(Kl+£2-2)!(£1+£2+£+1)!(m—j)!(m+j)!>%
" \ &+, m)! €+ 4t 1) T+l =) Tm-T +2,)! ’

ral representation consider the K-integral as the inner
the transformation of integration variable k(o,B)

. the integrand no longer depends on ¢ and we obtain

L,,L . . £ +£ -m
1’ -
IO G e T N
K
. pip w0 ml L
le-Be 216) 1 Z(ae%le+8e %16) 1 ?

el’j(k(d,ﬁ))dk(a’ﬁ)o




EMMA 3.1. Let K be a connected compact Lie group which has c
Ton K. Let £ be a complex analytic function on an open conr

nvariant subset V of K, containing K. Then

3.4) J f(k)dk = J f(kk')dk, k' e V.
K K

ROOF. The right hand side is a complex analytic function of

s constant on K. O

Now observe that the integrand in (3.3) is the restricti

he complex analytic function

. . £.+L _-m
($ S)'* (eleas_e 163Y) 1 72 .'

1= m—«@ +»@ 1l 1e m‘*"e —'Z
_peHOT 2 hie o die T

ya a B

. tﬂ,fﬂz,j(vé) on SL(2,C).

or 0 < 6 < 7 apply Lemma 3.1 to this function with K' chosen

e—%ie e%ie
o in/h o L -3
3.5) gy i= e (2sin 6) (e%ie -%ie)'
e obtain:
L. 2 L. .2 .
3.6) tﬂ:j;é,j(ae) = cﬂ:j'i ; e3ﬂum/2(23i116)m.
L £ +L, -m
T ey [ 218)2cosoromany | 2 .
p=—2L P] O J
K
m—a@ +/e \ m'he -'K
1 72, — 172 L
. B (-8) tzz_zl’p(k(ags)) dk(a,B)

11

:a-

-~

of




JPOSITION 3.2. We have

7 g2 @), 4 (wp) ) - ((2£+1)(me) !(@+3) ! (m-p)! (m+p)')2
’ 'E:J’ m, ] (zm) (m_'e) (m+£+l)'
) (_1)£+m e31ri.m/2(2 lnﬂ)mtzJ(ge).

P 0 < 0 < 7 the matrix (tz(m+p),2(m p)( ))

£,55m, ] 3, p=-L g L8 mon-singular.

JOF. Formula (3.6), together with (1.13) and the invariance of the

tegral in (3.6) under right multiplication by m, yields

¢

1 —_
zf?TzzJ%(m p)(a y = zf?jpzsf(m p) 3ﬂ1m/2( sing)™.

X f mop gy TP E L (<(@,8))dic(a,8).
PJ 6 4

w

integral can be evaluated by using (1.5), (1.14), the beta integral and
Chu=Vandermonde sum

w

(c-b)n’
() 7’

n

.8) 2Fl(—n,b;c;l) = n=0,1,...5 cb, ¢# 0,-1,..., -n+l,

1ally use (3.2). 0

IOREM 3.3. Formula (2.12) holds with

9) Pon 0 = A0 [ (28 BenBan) R BT a8k (@),
K

re

10) A@,m = D ((2m+l) (n+m-£) ! (n+m+L+1) ! (m~L) ! (m+L+1) ! )5

‘ n,k,p ° n. (n+2m+1) ! (m-k) ! (m+k) ! (m~p) ! (m+p) ! ’

wre are the symmetries
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£,m £.,m £,m £,m

3.11 P = p? = p? =P

( ) n,k,p n,p,k n,-k,-p ns_P’_k’
£,m _ n+k+p,£,m

(3.12) Pn,k,p( x) = (-1) Pn,k,p(x)'

>ROOF. Formula (3.9) follows from (3.7), (3.6) and (3.2). The symmetries are
lerived from (3.9) by the use of (1.6) and (1.9) in the case of (3.11) and
>y (1.13) in the case of (3.12). 0

Of course, by the use of (2.12) and (3.%),£the symmetries (3.11) imply
certain symmetries for the matrix elements tﬂlg-i jla It would be interest-
LIS Rl ] :
ing to get a deeper understanding of the first of these symmetries.

Now expand the integrand in (3.9) with respect to x and use the invari-

ance of the integral under right multipli&ation with m and (1.13). We

>btain
n
(3.13) PR () = AT D S S
nyK,p n,K,p q=|p+k| n,KspP>q
g+p+k even
vhere
L+l (q=k— -
dﬂ,m -nH" k+2(qk p)zn !

n,k,p,q (3 (q-k-p)) ! (} (q+k+p)) I (n-q) T "
. J a%(q+k+P)E%(Q'k'P)Bm+n+%(k‘P'q)gm+n+%(-k+p—q).

K

. tfp (k(a,8)) dk(a,B) .

3y using (1.5), (1.14) and the beta integral we obtain, for k+p = O:

'3.15) n - gom (=B @) on=q s o (qikerp)) ! _

n,k,p,q n,-k,—p,q (3 (@=k-p)) ! (n—q) ! (k+p) I (L+m+n+1) !
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-/ (&+K) ! (&+p) (- &k, = £+p, 4 (qkp) +1 | )
Z-x) T(Z-p) 3F2\k+p+1 - f-m-n+} (q+k+p) I )
For q = p + k use (3.8). Then, for k + p = 0:

L4+m+p+k ,n-p-k

£,m - dﬂ,m _ (-1 2 '(m+n—k) (m+n-p) !

(3.16) dn,k,p,k+p n,_kJ_P’k+P - (m_£+n) (m+£+n+l) (P+k) (n_P_k)' ’

Nl

((£+k>:<£+p):\ 40
\TOTERT) T

dence P!"m is a polynomial of degree n - | p+k |.
n,k,p

THEOREM 3.4. The vector-valued polynomial Pﬁ’z satisfies the conditions
3

!, (-1 )[' 2™ (m—k+1) (m+k+1) S <"

m “P

(3.17) n p(x) : 4}
Sk (n! (2m+2)n(m—£+l)n(m+£+2)n)

+ polynomial of degree less than n,

£
(3.18) ) J pt

m
n,k,p

|
x)xn Wﬂ’m(x)dx =0
Psq

for all q in {-£,...,L} and all n' Zn {0,...,n-1}.

?ROOF. Use (3.13), (3.16) and (3.10) for (3.17), and (2.15) together with
(3.17) for (3.18). g

Note that (3.17) and (3.18) completely determine Pﬁ’i.
H

(2.15) forn#n'. However, from the point of view of Theorem 3.4, the

They also imply

>rthogonality relations (2.15) for n = n', k # k' are rather unexpected.

{EMARK 3.5. Lemma 3.1 can also be applied in order to extract the factor
(be) from the integral representation (1.8) for t (b ). Substitute

1 = cosi6, B := sini6 in (1.8) and make the successive transformations of




tion variable ¢ » z » ¢

Iy
(£-m) ! (£+m) ')? ¢
((I_—n) T(L+n) :) oo

1
T (z cos 30

(0)

(sin%e)m_n(cos%6

27 .
1 (elwcoszie+s
2w

0

= (-21)P™(sin J0)™
T
1 . .
. ;—J (cos x+i siny
0

ume m = n and use [2, 1.

£ m _

tmn(be)/tmn(be) -
m

= const. J (cos x+i

0

nzero constant. Again by
lynomial of degree £ - m
1. In GREINER & KOORNWI

obi polynomials resultin

NONCOMPACT ANALOGUE

t now G := SL(2,C) with

ett 0
2), A = {at 1= (0 o~1t)

15

214 z = elwcotgée, X = 2y¥:

there e

£

_m(—zsin£e+cos%e)£+mzn—£_ldz

3)

Kﬂneiw(n~£)(l_eiw)£+mdw

m+n
ie) .

Kﬂmeznlx(sinx)zﬁmdx.

]. Then

.ose)zﬂneznlx(sinx)£+mdx

.5 (29)1, the right hand side of (3.19)
s 6 which takes a nonzero value if
4, § 1.3] the integral representation

L (3.19) is obtained in a quite different

'a decomposition G = KAN such that

R}, N = {({ )|z« el
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Let k(a,B) in K be defined by (1.10) and m¢ by (
is the centralizer of A in K.

Let ﬂx’k(keﬂ!,keéz) be the rep of G which i
-iké At
n,a_nwe e

2t

and decomposes as

of MAN: a principal series rep.

o 2 .
K=k,k+1,...T . Choose a K-basi

q(ﬂ,m=k,k+1,...;p=—2,...,£;q=-m,

elements ﬂx’k
L,p;m,

A,k L

TTK:p;m,q(k) = %,m tp,q(k)’ ke K
A,k -t (2
(4.1) Ty im i (@) = (22+1)* J (e Fla|“+et
K !
-1t it
o {e a e“ B \ 2 _
.t _14_) t s (k(a,B))dk(a,
Ki\_ dtg ity K

=f. RUHL [9, § 3-5], KOSTERS [8, § 3.11.
Similary to (3.3) we derive from (4.1) that

Ask _ -t 2
(4.2) “K’j;msj(at) - ckyz’m:j J (e |d| e
K
(e—étu_eits)m+k(e—%ta4e§tE)mrk tﬁj
where
[ (28+1) (2m+1) (m=j) ! (m+])
(4.3) %, 2,m,j 7\ @0 T (@) !
For s > 0 let
% eés e_%s\
(4.4) hS ¢= (2shs) (—%s s }

e e

<o < 4w}

ep
itary

as matrix
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'hen we can apply Lemma 3.1 to (4.2) with k' := hS for 0 <t < s. We

btain:

2
Mk ) = R A C ORI &.m).

4.5 T, . .
) £,j3m,j "t p=—p PIS

: J (ch t-coths sh t (o] -|Bl )+ (aB-Ba) Sht) ~Am-l
K

(ash%(s-t)—Bsh%(s+t))m+k(Esh£(s—t)+§éh%(s+t))m_k

tﬁp<k(a,e))dk(a,s), 0<t<s.

]

f Rel < m-1 then the limit passage s+t is certainly allowed in (4.5):

2
Ask 3 _1y2m m £

4.6) T im, 3 Ck,z,m,j( 1) “"(2sht) pjlﬂ t; (B
J (2|8] 2cht+aB-ga) 1tk _gymk ‘ 5 (k(@,8))dk(a,8).
K

loser examination of the integral, using (1.14), shows that (4.6) holds.
ith convergent integral if ReX < 0. Thus it is meaningful to study the
ector-valued function x r (PK’ (X))p——t .2 defined by (3.9), for
omplex n, Re n > 0, and for x > 1. In particular, this function has a

ice asymptotics as x > =,
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